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EXPANDING MAPS AND SHRINKING MAPS, AND 
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KATSUHISA FURUKAWA 



Abstract. We study expanding maps and shrinking maps of subvarieties 
of Grassmann varieties in arbitrary characteristic. The shrinking map was 
studied independently by Landsberg and Piontkowski in order to charac- 
terize Gauss images. To develop their method, we introduce the expanding 
map, which is a dual notion of the shrinking map and is a generalization of 
the Gauss map. Then we give a characterization of separable Gauss maps 
and their images, which yields results for the following topics: (1) Linearity 
of general fibers of separable Gauss maps; (2) Generalization of the charac- 
terization of Gauss images; (3) Duality on one-dimensional parameter spaces 
of linear subvarieties lying in developable varieties. 



1. Introduction 

For a projective variety X C over an algebraically closed field of arbitrary 
characteristic, the Gauss map 7 = 7x of X is defined to be the rational map 
X --^ G(dimX, P^) which sends each smooth point x to the embedded tan- 
gent space T^X at x in P^. The shrinking map of a sub variety of a Grassmann 
variety was studied independently by Landsberg and Piontkowski in order to 
characterize Gauss images in characteristic zero, around 1996 according to [HI 
p. 93] (see [T] 2.4.7] and ^[ Theorem 3.4.8] for details of their results). To 
develop their method, we introduce the expanding map of a subvariety of a 
Grassmann variety, which is a generalization of the Gauss map and is a dual 



notion of the shrinking map (see §2 for precise definitions of these maps). Then 



we have the main theorem, [Theorem 3.1t which is a characterization of separa- 
ble Gauss maps and their images in arbitrary characteristic, and which yields 
results for the following topics. 

1.1. Linearity of general fibers of separable Gauss maps. 

Theorei 

variety J 

o/p^H 



Theorem 1.1 (= Corollary 3.6 ). Let'j be a separable Gauss map of a projective 
variety X C P^. Then the closure of a general fiber of '~f is a linear subvariety 
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According to a theorem of Zak ^26, I, 2.8. Corollary], the Gauss map is 
finite if X is smooth (and is not a linear subvariety of P^). Combining with 
[Theorem l.lt we have that, if the projective variety X C is smooth and 



the Gauss map 7 is separable, then 7 is in fact birational (Corollary 3.7). 
Geometrically, the birationality of 7 means that a general embedded tangent 
space is tangent to X at a unique point. 

In characteristic zero, it was well known that the closure F C X of a general 
fiber of the Gauss map 7 is a linear subvariety of P^ (Griffiths and Harris 
O (2.10)], Zak |26l I, 2.3. Theorem (c)]). In positive characteristic, 7 can 
be inseparable, and then F can be non-linear (see [Remark 3.8|) : this leads 
us to a natural question: Is F a linear subvariety if 7 is separahlel (Kaji 
asked, for example, in [111 Question 2] [T71 Problem 3.11].) The curve case 
was classically known (see [Remark 3.9p . Kleiman and Piene pp. 108-109] 
proved that, if X C P^ is reflexive, then a general fiber of the Gauss map 7 
is scheme-theoretically (an open subscheme of) a linear subvariety of P^. In 
characteristic zero, their result gives a reasonable proof of the linearity of F, 
since every X is reflexive. In arbitrary characteristic, in terms of reflexivity, 
the linearity of F of a separable 7 follows if codimpiv(X) = 1 or dimX ^ 2, 
since separability of 7 implies reflexivity of X if codimpjv(X) = 1 (due to the 
Monge-Segre- Wallace criterion [HI (2.4)], |19, 1-1(4)]), dimX = 1 (Voloch [21], 
Kaji [S]), or dimX = 2 (Fukasawa and Kaji [B]). On the other hand, for 
dimX ^ 3, Kaji [K] and Fukasawa [1] [5] showed that separability of 7 does 
not imply reflexivity of X in general. For any X, by [Theorem we flnally 
answer the question affirmatively. 

1.2. Generalization of the characterization of Gauss images. We gener- 
alize the characterization of Gauss images given by Landsberg and Piontkowski 
to the arbitrary characteristic follows: 



Theorem 1.2 (= Corollary 3.14] ). Let a he the shrinking map from a closed 



subvariety y C G(M,P^) to G(M-,P^) with integers M^M' (M ^ M~), 
and let t/G(M-,p^) C G(M-,P^) x P^ he the universal family ofG{M~,F^). 
Then y is the closure of a image of a separable Gauss map if and only if 
M~ = M — dim^ holds and the projection cr*UQ(M-,F'^) is separable and 

generically finite onto its image. 

Here the generalized conormal morphism, induced from a expanding map, 
plays an essential role; indeed, we give a generalization of the Monge-Segre- 
Wallace criterion to the morphism (Proposition 3.12). 



1.3. Duality on one-dimensional developable parameter spaces. Later 
in the paper, instead of the subvariety X C P^, we focus on X G G(m, P^), a 
parameter space of m-planes lying in X, and study developability of {X, X) (see 



4 for definitions). It is classically known that, in characterize zero, a projective 



examined what is essential in the proof. Now, in this second version, considering expanding 
maps and shrinking maps, we give a more evident proof of the result. 
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variety having a one-parameter developable uniruling (by m-planes) is obtained 
as a cone over an osculating scroll of a curve ([H 2.2.8], [HI Theorem. 3.12.5]; 
the arbitrary characteristic case was investigated by Fukasawa [2]). Applying 
our main theorem, we find duality on one-dimensional developable parameter 
spaces via expanding maps and shrinking maps, in arbitrary characteristic, as 
follows. Here 7* = Yx is defined inductively by 7^ := 7,7* := 'y-y^-^x ° , 
with the closure 7* A" of the image of X under 7*. In a similar way, a* is defined. 

Theorem 1.3 f= ITheorem"415|) . Let X C G(m,P^) and X' C G(m',P^) he 
"projective curves. Then, for an integer e ^ 0, the following are equivalent: 

(a) X' is developable, the map 7^ = 7^/ is separable and generically finite, 
and 7= A" = X. 

(b) X is developable, the map = is separable and generically finite, 
and a'X = X' . 

In this case, m = m' + e. 

As a corollary, if cr'" is separable and X is not a cone, then C := a"^X is a 
projective curve in such that 7"^ is separable and X = 7™C; in particular. 



X is equal to the osculating scroll of order m of C (Corollary 4.16). On the 



other hand, if 7^ is separable, then an equality T((TX)*) = X* in (P^)^ holds 



( [Corollary 4.17[ cf. for osculating scrolls of curves, this equality was deduced 
from Piene's work in characterization zero [22], and was shown by Homma 
under some conditions on the characteristic fS] (see [HI Remark 4.3])). 



This paper is organized as follows: In §2 we fix our notation and give a local 



parametrization of a expanding map 7 : X G(m^,P^) of a subvariety 
X C G(m,P^). In addition, setting 3^ to be the closure of the image of X, 
we investigate properties of composition of the expanding map 7 of A and the 
shrinking map a of y. Then, in §3 we prove the main theorem, [Theorem 3.11 



In §4 we regard X as a parameter space of m-planes lying in X C P , and 



study developability of X in terms of 7. 

2. Expanding maps of subvarieties of Grassmann varieties 

In this section, we denote by 7 : A G(m+, P^) the expanding map of a 
subvariety X C G(m,P^) with integer m,m~^ {m ^ m^), which is defined as 
follows: 

Definition 2.1. Let QG(m,p^) and SG(m,p^) be the universal quotient bundle 
and subbundle of rank m + 1 and N — m on G(m, P^) with the exact sequence 
^ Sgkp^) H^F'', 0(1)) ® OG(m,F^) -> Qgkp^) ^ 0. We set Qx : = 
QG{m,F^)\x and call this the universal quotient bundle on X, and so on. A 
homomorphism (f is defined by the composition: 

where the first homomorphism is induced from the dual of Q;f ® — )■ 0, and 
the second one is induced from T;t'sm ^ T'G(m,pJV)|A'^™ = 'Kom^Sx""^, □a-^'™)- We 
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can take an integer m+ = m+ with m ^ m"*" ^ N such that a general point 
X e X satisfies 

dim(ker (f (g) k{x)) — N — m"*". 

Let (P^)^ := G{N - 1,P^), the space of hyperplanes. Then ker(/?|;^o is a 
subbundle of H^{r^, 0(1)) ® 0^"° ^ i/°((P^)^, 0(1))^ ® 0^"° of rank N-m+ 
for a certain open subset X° C A". By the universality of the Grassmann 
variety, under the identification G{N — — 1, (P^)"^) ~ G(m+, P^), we have 
an induced morphism, 

We call 7 the expanding map of X. Here kenp\x° — 7|^o(SG(m+,p^))- 

Remark 2.2. Suppose that m = and X C P^ = G(0, P^). Then 7 = 7x/p^ 
coincides with the Gauss map X ---> G(dim(X), P^); in other words, 7(0;) = 
Tj;X for each smooth point x E X. The reason is as follows: In this setting, it 
follows that Spjv = Qp^(l) and Qpjv = Opjv(l), and that (p is the homomorphism 
^^piv(l)|x ^xi^)- Therefore ker 

(p\x^'^ — -^^^pAr(l) Ia'"'") which implies the 

assertion. 

The shrinking map a : y --^ G(M-,P^) of a subvariety y C G(M,P^) 
with integers M, M~ [M ^ M~) is defined similarly, as follows: 

Definition 2.3. Let Qy and §>y be the universal quotient bundle and subbundle 
of rank M + 1 and — M on ^. A homomorphism $ is defined by the 
composition: 

) — )■ 'Kom{Ty 

where the second homomorphism is induced from Ty 

'Kom{Q^sm,§>ysm). We can take an integer M" = M" with -1 ^ M" ^ M 
such that a general point y E y satisfies 

dim(ker $ (g) A;(|/)) = M" + 1. 

Since ker $|j;o is a subbundle of H°{F^, 0(1))^ ® Oyo of rank + 1 for a 
certain open subset y° C y, we have an induced morphism, called the shrinking 
map of y, 

Here we have ker$|yo = cr|^o(QG(M-,p^))- 

Remark 2.4. Let A* C G(A^ — m — 1, (P^)^) be the subvariety corresponding 
to X under the identification G(m,P^) ~ G(A^ - m - 1, (P^)^), and so on. 
Then 7x/G{m,¥'^) is identified with the shrinking map 

ax/G(N-m-uw^y) ■■ X G{N - m+ - 1, (P^)^) 

under G(m+,P^) ~ G(iV — m+ — 1, (P^)^). In a similar way, o'yi,Q(^M,¥'^) is 
identified with the expanding map 75;/g(7v-m-i,(p^)^)- 
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Let t/G(m,p^) C G(m,P^) x be the universal family of G(m,P^). We 
denote by Ux '■= UG(m,F'^)\x G X x P^ the universal family of X, and by 
TTx '■ Ux ^ P^ the projection, and so on. (Recall that, for each x E X, the 
m-plane x C P^ is equal to ttx{Lx) for the fiber of Ux X at x.) 

Remark 2.5. A general point x E X gives an inclusion x C 'j{x) of linear 
varieties in P^, and a general point y E y gives an inclusion aiy) d y of linear 
varieties in P^. 

Lemma 2.6. Let X, y be as above. Then the following holds: 

(a) If rn^ ^ N — 1 and the image of 'j is a point, then ttx{Ux) C P^ is 
degenerate. 

(b) If M~ ^ and the image of a is a point, then T^y{Uy) C P^ is a cone. 

Proof, (a) Assume that the image of 7 is a point L G G(m+, P^). For general 
X G A", we have x C 7(x) = L as in [Remark 2.51 Thus t^x{Ux) is contained in 
the m"'"-plane L, and hence is degenerate. 

(b) Assume that the image of a is a point L G G(M^, P^), and take a point 
f G L C P^. For general ?/ G 3^, we have cr(?/) = L G y, which implies v E y. 
We set Y' := iryi^y) C P^. Then a general point y' G Y' is contained in some 
M-plane y, where the line y'v is contained in y G Y' . Hence Y' is a cone with 
vertex v . □ 

We denote by := Proj(^ Sym'^A'^) the projectivization of a locally 

free sheaf or a vector space A. 

Definition 2.7. Let 

^(A^.pJV) := P(Sg(m,p^))) 

which is contained in G(M,P^) x (P^)^ = P(/70(P^, 0(1)) ® Og[m,¥N)) and 
is regarded as the universal family of G(A^ — M — 1, (P^)"^). We set Vy := 
^(M,p^)|y and set vf = vfy : — )■ (P^)^ to be the projection. 

In the case where 3^ is the closure of the image of X under the expanding 
map 7, the following commutative diagram is obtained: 



7 TT 



l*Vy 



y 



(P 



N\\J 



x--,--y. 



where we call the projection 7*77 : 7* — (P^)^ the generalized conormal mor- 
phism, and where j*Vy G X x (P^)^ is the closure of the pull-back {■y\x°yVy. 
Note that we have {'j\x°)*Vy = P(ker (y9|;t'°)5 because of 7|^o(Sy) ~ kery^l^fo. 
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2.1. Standard open subset of the Grassmann variety. Let us denote by 

(Z" : : ■ ■ • : Z^) 

the homogeneous coordinates on P^. To fix our notation, we will prepare a 
description of a standard open subset GJ^ C G(m, P^) which is the set of m- 
planes not intersecting the {N — m — l)-plane {Z^ = = ■ ■ ■ = Z"^ = 0). Let 
us denote by 

Zo,Zi,...,Z^Gif°(P^,0(l))^ 

the dual basis of Z°, Z\...,Z^ e iJO(P^, 0(1)), and so on. 

(A) The sheaves Qg^;^ and S^o are free on GJ^, and are equal to Q ^ Oqo^ 
and S*^ (X> Og^) for the vector spaces 

g:= K-T]^ and := K ■ Q, 

where K is the ground field, 1]^ is the image of Z^ under H^{¥^ , 0(1)) — )■ 
QG(m,piV), and Ci is the image of Zj under i/0(P^, 0(1))^ ® ^ S^^^p^^. 
We have a standard isomorphism 

(1) G:;, ^ Hom(Q\ 5^) : X J] ■ ® = (a^M, 

as follows. We take an element x G G^. Under the surjection H^{F^ , 0(1))^ — )■ 
^G(m,p^f)®^(^)' fo^ ^^^^ ^ 2 ^ m, we have h-> - Xlm+i^jXAf '^i '0 with some 
a-f = al{x) G -ft'. This induces a linear map S"^ : rji a-f ■ Q , which 

is regarded as a tensor ■ 77* ® Q under the identification Hom((5^, 5"^) ~ 



Q ® 5*^. This gives the homomorphism (1 



In this setting, the linear map Q^o ® k{x) i7°(P^, 0(1))^ is given by 
Tji Zi + Ylij'^l ' ^^"i hence, for each x G G(m, P^), the m-plane x C 
P^ is spanned by the points of P^ corresponding to the row vectors of the 
(m + 1) X (A^ + 1) matrix, 

1 a^+^ ■■■ a^- 

1 ar+' ■■■ af 

1 ■ ■ ■ 

(B) Let f/G(m,p^) := P*(QG(mP^)) G(m,P^) x P^, which is the universal 
family of G(m, P^). Then we have an identification 

Ugo^ ^ G°, X P™ ~ Hom(Q^, S^) x P'". 

Regarding (77° : ■■■ : rj"^) as the homogeneous coordinates on P'" = ]5,((5^), 



under the identification (1), we can parametrize the projection Uqo^ — )■ P^ by 
sending ((a^)jj, (77° : ■ ■ ■ : r^™)) to the point 

(r/° : • ■ ■ : r/'" : J^^'^T^^ • ' ' ' ' Zl^'"^) ^ 
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This is also expressed as 

(2) E 



ri'Z. + 



7fa> ■ z, e P^. 



(C) The m-plane x G G^^, which is expressed as (a^)j,j under (1), is also 
given by the set of points {Z^ : Z^ : ■ ■ ■ : Z'^) G such that 



r„m,+ l 
^0 

,m+2 



m 
-,m+2 



0" 



Z^ 



L «o 



N 



a: 



N 







7N 



Let VG(m,piV) 
family of G(A^ — m - 

Fco ~ G° X P 



P*(SG(m,piV)) in (G(m,P^) x (P^)^, which is the universal 
— 1, (P^)^). Then we have an identification 



Hom(g^,S^) X P 

Regarding (Cm+i : ■ ■ ■ : Cn) as homogeneous coordinates on p^-™-i = 15,(5'), 
we can parametrize V^^ — (P^)^ by sending ((a^)ij, (Cm+i : ■ ■ ■ : Cn)) to the 
hyperplane defined by the homogeneous polynomial 

(3) E E o-^^- 



2.2. Parametrization of expanding maps. Let X C G(m, P^) be a sub- 
variety with m ^ 0. We will give a local parametrization of the expanding 
map 7 : X G(m+, P^) around a general point a^o G A" in the following two 
steps. 



Step 1. Changing the homogeneous coordinates {Z 



. 



7N\ 



on P 



N 



we 



can assume that Xo G G(m, P^) and 7(xo) G G(m"'", P^) are linear subvarieties 
of dimensions m and m"*" such that 



Xq 



m+l 



= 0), 



0), 



(4) 
(5) 

in P^. As in §2.1 let us consider the open subset G^ C G(m, P^), and take 
a system of regular parameters z^, . . . , of the regular local ring Ox,xo- 

Then, under the identification |(1)| X fl GJ!^ is parametrized around Xo by 

E n■^®Q = ui)^, 



with regular functions //'s. From (4), we have //(xq) = 0. For a general point 
X G X near Xo, we identify Q with Q;^ ® k{x), and S with S;f ® A;(x). Then the 
linear map T^X T^(i;)G(m, P^) = Hom((5^, 5*^) is represented by 



(6) 



;i ^ e ^ dim(A')), 
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where //^e := djljdz^. Therefore Hom(Hom(S', Q), Q) ^omiT^'^^Q^ is 
represented by 

C,^®rii®if'^ ^ fl^e{x)-dz''(g)T]'' {0 ^m,m + l ^ j ^ N). 

l^e^dim(A') 

Since 5" — )■ Hom(Hom(S', Q), <5) is given by C"' ® ® "'?*)) it follows 

that (fx '■ S ^ }iom(TxX, Q) is represented by 

(7) ^.(e)= 5Z fiA^)-dz^®ii' (m + l^j^iV). 

Recall that m"*" is the integer such that — m+ = dim(ker ^9^.), which implies 
that dim(¥?^(5)) = m+ -m. By[(5)) we have y^a^olC^+^i = ■ ■ ■ = </?x,(C^) = 0. 
It follows that ipxiC^^^)) ■ ■ ■ ,V^a;(C™^) give a basis of the vector space (px{S), 
and that 

(8) Vx{n = - Yl €{x)-^x{n (m+ + l^/i^iV) 
with regular functions (7^'s. As a result, we have 

(9) ft.^ = - Yl 9i:fl.e (0^*^m,l^e^dim(A')) 

for m"*" + 1 ^ ^ ^ N. Since v^a'o(C^) = for m+ + 1 ^ ^ A^, in this setting, 
it follows that g^{xo) = and that 

(10) f^^,Axo) = (0^i^m,l^e^ dim(A')) 
for m+ + 1 ^ ^ A^. 

Lemma 2.8. Let X C G(m,P^) he of dimension > with m < N. For the 
integer given with 7 : X --■> G(m+, P^), we have m+ > m. 

Proof. Assume = m. Then, as above, we have dim{ipx{S)) = 0, which 
means that (fxiC'') = for rn + 1 ^ j ^ N. Then we have //^e = for 
any i,j,e. This contradicts that //'s are regular functions parametrizing the 
embedding X ^ G(m, P^) around the point Xo- □ 

S'te]) 2. We set 3^ C G(m'^,P^) to be the closure of X under 7. As in 
j2.1)^C) we set VG(m.,p^) '■= Il(SG(m,p^)) ^'iid consider the generalized conormal 



morphism 

given in [Definition 2.7l Let ix be the fiber of ]5,(ker (y9|;(:'o) — )• A"" at x, and let 
V E ix he a. point. Here v is expressed as (s^+i : ■ ■ ■ : sa?)). Since 
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Em+i^jX7v*j ■ "P^iC^) = fxiT.m+i^j^N^jC^) = 0' equality p)] implies 



Thus Su = X]m++isc/i^Ar '^mS'i^ ^'-'^ m + 1 ^ v ^ 171^. Then it follows from (3) that 
each point v G ix is sent to the hyperplane 7*7r(f) G (P^)"^ which is defined by 
the homogeneous polynomial 

(11) E E s,gi:f-i^)-z'+ E '^fti^)-z' 

+ E sMx)-z''+ E ^M-^^- 

Note that, for the m^-plane 7(x) C P^, the image ■j*7t{ix) is equal to 7(x)* C 
(P-^)^, the set of hyperplanes containing 7(x). 

Now, the parametrization of the expanding map 7 : A" ---> 3^ is obtained, 
as follows: Let QG(m+,p^) and SG(m+,p^) be the universal quotient bundle and 
subbundle of rank m"^ + 1 and — m+ on G(m+,P^). In a similar way to 
2.1|^A) we take a standard open subset as the set of m+-planes not 



intersecting the (A^ — m"*" — l)-plane {Z^ = ■ ■ ■ = Z"^ = 0). Then and 
SXo are equal to Q+ ® Og° and S'Y (g) Oq° , for vector spaces 

Q+ = • and = K- s^, 

where and correspond to and Z^. 

In this setting, by |(3)| and |(ll) 7(x) G = Hom((5!(, 5*^) is expressed as 



(12) E E E 9::{x)-q''^s, 

for a point x & X near Xq. 



2.3. Composition of expanding maps and shrinking maps. We set X C 

G(m, P^) to be a quasi-projective smooth variety, and set y C G(m"'',P^) to 
be the closure of the expanding map 7 : X G(m"'",P^). For this 3^, we 
will investigate the homomorphism $ given in [Definition 2.3t by considering 
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the pull-back of $ via 7. Now we have the following commutative diagram: 



7*$ 



(13) 7*Q^ :Kom(J{om(7*Q^, 7*8^), 7*S^) 



:Kom{YTy, 7*S 



-od-y 



where ^ : 7*Q^ ^ :Kom(7*ry, 7*8^) ^ J{om(T^, 7*8^) is the composite 
homomorphism, and 



d-f-.Tx^ 7*^G(m+,p'V) - ^Kom(7*Q^,7*S^) 

is the homomorphism of tangent bundles induced by 7. 

We recall that a rational map / : A --->• B of varieties is said to be separable if 
the field extension K{A)/K{f{A)) is separably generated. Here, the following 
three conditions are equivalent: (i) / is separable; (ii) the linear map d^f : 
T^A — )■ Tj(a.)/(y4) of Zariski tangent spaces is surjective for general x E A; (iii) 
a general fiber of / is reduced. In characteristic zero, every rational map must 
be separable. A rational map is said to be inseparable if it is not separable. 

Remark 2.9. If 7 is separable, then we have 

ker7*$|;i^o = ker ^fl^o 



for a certain open subset X° C X. This is because the vertical arrow in (13) 
Hom(T^(a;)3^, Sy^'y{x)) — > 'KomiT^X , S^(8>7(x)), is injective at a general point 
X & X. 



Let a;o € ^ be a general point. In the setting of |§2.2[ for a point x E X near 
Xo, it follows from (12) that ^2,7 : T^X — )■ Ty(^.)G(m+, P^) is represented by 



(14) 

— V 



where we apply the following equality obtained by (9) 



(ft + E 
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Then, from the diagram (13) , the hnear map '■ Q+ ~^ liom{TxX , S^) is 
represented by 



(15) 



(0 ^ 2 < m) 



(m + 1 ^ z/ ^ m~^). 



l^e^dim(A') 



Lemma 2.10. The ranks of the above linear maps are obtained as follows. 
(a) rk dxj is equal to the rank of the dim(A:') x [N — m+) ■ (m+ — m) matrix 



7^ 



2dim(A^) (2^) 



(b) rk is equal to the rank of the (m"*" — m) x [N — m"*") ■ dim(A:') matrix 



9 



3rn.+ _ 



Proof. Considering the matrix description of (14), we find that, each column 
vector not belonging to the matrix of (a) is expressed as 

9LJiix) 

Sm+l^i/^m+ 9'^ ^dira(X) f i {x) 



This vector is linearly dependent on column vectors of the matrix of (a) hence 



the assertion of (a) follows. In the same way, considering the matrix description 



□ 



of (15), we have the assertion of (b) 
Proposition 2.11. Q^o C ker\E'|;t'° for a certain open subset X° C X 
Proof. It is sufficient to show that ® k{xo) C ker '^^o for a general point 



Xo G X. In the setting of §2.2 , since fl{xo) = 0, it follows from (15) that 

*xo(go) = = (gm) = 0. 

This implies that ® k{xo) C ker in if°(P^, 0(1)). □ 

Let a = cry/(Q(^m+^pN-j : y G(mo,P^) be the shrinking map of 3^ C 
G(m"'",P^), where we set 

mo := (m"*")". 

Corollary 2.12. Assume that 7 is separable and assume that rk\I'^. is of rank 
m+ — m for general x G A". Then tuq = m and QDt-o = ker7*$|;t'° for a certain 
open subset X° ; hence a o ^\xo is an identity map of X° C X . 
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Proof. From Proposition 2.11| we have Q|)^o C ker\l/|;fo. Since {m'^ + 1) 



ik'^x = {iT^'^ + 1) ~ ~ ''^) = rn + 1, we have Q\x° = ker\l/|;fo. It follows 
from [Remark 2.91 that 

Q|v^ = ker7*$|;to. 

We recall that, by universality, the morphism (707: — > G(mo,P^) is 
induced from keT''y*^\x° C if°(P^, 0(1))^ ® Oa'o. Therefore a o 7 coincides 
with the original embedding X G(m,P^). □ 

For the universal family Ux C X x P^, we define a rational map 

7 : f/A- 3^ X P^, 

by sending {x,x') e Ux with x e X and e P^ to (7(x),x') G 3^ x P^. Let 
^*UG(mo,f^) C 3^ X P^ be the closure of the pull-back of ?7G{mo,p^) under a. 

Corollary 2.13. Assume that ''y is separable. Then the image of Ux under j 
is contained in cT*f/G(mo,p^)) '^^^ hence we have the following inclusion of linear 
varieties o/P^; 

X C a o 7(x) C 7(a;). 
Proof. As in [Remark 2.9\ keT'~f*^\x° = ker\E'|;fo. Then [Proposition 2.11 



im- 



plies that Ux° is contained in 7*cr*?7(G(mo,pJV) = P ker(7*$|;t'°)- Hence we have 

It is known that, in characteristic two, the Gauss map of every curve is 
inseparable. This also happens to the expanding map, as follows. 

Lemma 2.14. Assume that X C G(m, P^) is a curve, and assume that 7 is 
generically finite. If the characteristic is two, then 7 is inseparable. 



Proof. Let Xo E X he a general point. In the setting of |§2.2[ since A' is a curve, 
it is locally parametrized around Xo by one parameter z. It follows from (9) 
and g^{xo) = that 

In characteristic two, we have ft,z, zi^o) = 0- Since the above formula vanishes 
for each fi and i, it follows from[(7)]that 5]m+i^i.s:m+ duJ^ohfxoiC) = 0- Since 
(fxoiCy^ are linearly independent, g^^{xo) = 0. Bv ILemma 2.101 ikd^^j = 0, 
that is to say, 7 is inseparable. □ 

3. Duality with expanding maps and shrinking maps 

Let a be the shrinking map from a subvariety 3^ C G(M,P^) to G(mo,P^) 
with integers M,mo (M ^ mo), as in [Definition 2.31 (we set mo := M~). Let 
Xq C G{mo,F^) he the closure of the image of the map cr, and let ttq be the 
projection from the universal family Uxq G Xq x P^ of Xq to P^. We set 
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to be the closure of the pull-back of U^o under a, and set cr*7ro to be the 
projection from o-*Uxo Note that these constructions of a and cr*7ro 

depend only on y. For a subvariety X C P^, we set 



r(X) := { (T^.X, x) e G(M, P^) X I X e X'"' }, 

the incidence variety of embedded tangent spaces and their contact points, 
where X*™ is the smooth locus. 

Theorem 3.1 (Main theorem). Let N,M be integers with < M < N, let 
X C P^ be an M -dimension closed subvariety, and let y C G(M, P^) be 
a closed subvariety. We set a as above, and so on. Then the following are 
equivalent: 

(a) The Gauss map 7 = 7x : X G(M, P^) is separable, and the closure 
of its image is equal to y. 

(b) r(X) = a*Uxo in G(M,P^) x P^. 

(c) (J*7io : (J*Uxa — )■ P^ is separable and generically finite, and its image is 
equal to X (in particular, the image is of dimension M .) 

(c') a*T[Q : cr*Uxo — ?■ P^ is separable and its image is equal to X , and a is 
separable. 

Corollary 3.2. Assume that one of the conditions (a-c') holds. Then rriQ = 
M — dim(3^), and the diagram 



(16) 



I 

I -yx 
Y 

Xo- - ^y 



is commutative, where 'jxo is the expanding map of Xq and is indeed a birational 
map whose inverse is the shrinking map a, and where (j{y) G Xq corresponds 
to the closure of the fiber 'Jx^{y) C P^ for a general point y E y (see also 
Remarks \4.5l \4-6\j - 

In §3.1 we will show the implication (a) ^ (b) of [Theorem 3.11 which leads 



to the linearity of general fibers of separable Gauss maps (Corollary 3.6). In 



3.2| we will show (c') ^ (a), and complete the proof of [Theorem 3.1[ Here 



the implication (c) or (c') =^ (a) gives a generalization of the characterization 



of Gauss images ( Corollary 3.14 ). We note that both implications (a) ^ (b) 
and (c') ^ (a) will be discussed in the same framework, given in [§2] (see 
[Remark 3. 111) . 

Remark 3.3. (b) ^ (a) of [Theorem 3.11 holds, as follows: For 7 : X --^ 
r(X) : X (7(0:), x), since (J*Uxq — )■ 3^ is separable and since 7 is birational, 
the composite map 7 is separable. In addition, (b) ^ (c) holds, since a*TiQ is 
identified with the birational projection r(X) — )■ X under the assumption. On 
the other hand, (c) =^ (c') holds, since, if o"*7ro : o-*Uxo ~^ separable and 

generically finite onto its image, then (t*Uxo --^ Ux^ is separable, and then so 
is cr. 
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3.1. Separable Gauss maps and shrinking maps. In this subsection, we 
consider the Gauss map X ---»• G(dim(X), P^) of a quasi-projective smooth 
subvariety X C P^, which coincides with the expanding map of X, as in 
[Remark 2.2[ We denote by 7 the map, and by 3^ C G(dim(X), P^) the closure 
of the image of 7. In the setting of §2.3 with m = 0, we have a natural 



homomorphism ,^ : 7*Q^ — )■ Tx with the following commutative diagram: 











,0(1))^® 



X 







T 



Tpjv(-l) 



\x 



N- 



0. 



Recall that \E' is a homomorphism given in the diagram (13) in §2.3 



■N 



Proposition 3.4. Assume that m = 0. Then we have an equality, 

ker = ker (i7(— 1) o ^|^o 

for a certain open subset X° C X . 

Proof. It is sufficient to prove 

ker ® k{xo) = keT{d-y{—l) o ^) (g) k{Xo) 

for a general point Xo € X. In the setting of §2.2[ changing coordinates on 
we can assume x,, = (1 : : ■ ■ ■ : 0) and 7(Xo) = = ... = = 0). 

Then, by taking z^, . . . , z^^^^^^ as /q , . . . , /q™''^'', the original embedding X ^ 
P^ can be locally parametrized by (1 : : • • • : z'^^^^^ : , fNy 

We find 

in (7) Hence we have = —f^z" (8) As in (14), the linear map d^^'^ : 
Tx„X — )■ Ty(a;^)G(dim(X), P-'^) is represented by 



;i ^ e ^ dim(A^)). 



l^!/s£dim(X) 
dim(X)+l^/x!£7V 



It follows from (15) that \E'^.^ : — > Hom(TiX, S*^) is represented by 

-f^z'^ A^o)-dz''^s^ (l^ui^ dim(X)). 



^x„(go) = 0, ^.„(g. 



l^e^dim(X) 
dim(X)+ls:/is:Ar 



Since : T^^X is obtained by ^^.(go) = and ^.xoiQu) = d/dz" with 

1 ^ ^ dim(X), the linear maps dx^j o ^md "^xo can be identified; in 
particular, these kernels coincide. □ 



Theorem 3.5. The implication (a) =^ (b) of I Th 



eorem 



Jj\ holds. 
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Proof. Let X C be a projective variety, let y C G(dim(X), P^) be the 
closure of the image of X under 7, and let y --->• G(mo,P^) be the shrinking 
map with mg := dim(X)~. We apply the previous argument to the quasi- 
projective variety X'^"^. 

Assume that 7 is separable. Then ker7*$|x° = ker\l/|x° as in [Remark 2 .91 



Therefore Proposition 3.4 implies 



ker7*$|x° = ker((i7(— 1) o ^)|xo, 

where the right hand side is of rank dim(X) — dim 3^ + 1 because of the sepa- 
rability of 7. This implies mo = dim(X) — dim(3^). 



On the other hand, it follows from Corollary 2.13 that T{X) C o"*f/;t'o- In 



fact, r(X) and cr*Uxo coincide, since both have the same dimension, dim(X). 

□ 

Now, we give the proof of [Theorem l.lj more precisely, we have: 

Corollary 3.6. Assume that the Gauss map 7 : X 3^ separable. Then a 
general fiber 'y~^{y) C X'^"^ with y & y is equal to the intersection of X"^"^ and 
the mo-plane a{y) C P^. 

This implies that the Gauss map is separable if and only if its general fiber 
is scheme-theoretically (an open subscheme of) a linear subvariety of P^. The 
latter condition immediately implies the former one, since a fiber is reduced if 
it is scheme-theoretically a linear subvariety. 



Proof of \Corollary 3.6\ Recall that, for a general fiber Fy of cr*UxQ y at y, 
the image a*no{Fy) is equal to the mo-plane a{y) C P^. If 7 is separable, 
then [Theorem 3.5) implies r(X) = a*Uxo, and then the following commutative 
diagram holds: 

r(X)— a*f/;,o 




X ----- y 



7 

-1/ 



Thus, cr*7ro is birational; moreover, for a general point y E y, we have 7 (y) = 
X'^^naiy). □ 



Combining [26l I, 2.8. Corollary] and Corollary 3.6 we have: 



Corollary 3.7. If the projective variety X C P^ is smooth (and is non-linear) , 
then the separable Gauss map 7 is in fact birational onto its image. 

Remark 3.8. In positive characteristic, the Gauss map 7 can be inseparable 
(Wallace j25i §7]), and then, in contrast to the characteristic zero case, a general 
fiber F of 7 can be non-linear. Several authors gave examples where F of an 
inseparable 7 is not a linear subvariety (Kaji pjj, Example 4.1] [13], Rathmann 
Example 2.13], Noma [21], Fukasawa [2] [3]). 
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Remark 3.9. If dimX = 1 and the Gauss map 7 is separable, then 7 is 
birational. This fact was classically known for plane curves in terms of dual 
curves (for example, see flEl p. 310], [10, §9.4]), and was shown for any curve 
by Kaji [HI Corollary 2.2]. 

3.2. Generalized conormal morphisms. We denote by 7 the expanding 
map from a closed subvariety X C G(m, P^) to G(m"'",P^), and by 3^ C 
G{m'^, F^) the closure of the image of X under 7. We consider the generalized 
conormal morphism 7*71" : 7*Vy — )■ (P^)^ given in IDefinition 2T7l Let Y be the 
image of 7*Vy under 7*7f, which is a subvariety of G{N — 1,P^) = (P^)^. 

The shrinking map ay = cry/G(7V-i.p^) from Y to G(A^ — 1 — dimF, P^) is 
identified with the Gauss map Y --^ G(dimy, (P^)"^) which sends y e Y to 
T^y C (P^)^. Denoting by A* C (P^)"^ the set of hyperplanes containing a 
linear subvariety A C P^, we have ayiy)* = T^y. 

Theorem 3.10. Let X he as above. Assume that 7*7f is separable and its 
image Y is of dimension N — m — 1, and assume that 7 is separable. Then the 
shrinking map cry ofY is separable and the closure of its image is equal to X. 

Remark 3.11. By considering the dual of the above statement, it follows that 
[Theorem 3. 101 is equivalent to "(c') ^ (a)" of [Theorem 3.11 This is because, in 
the setting of [Theorem 3.11 we have Oy/GiM f^) = ly/G{N-M-i,{¥'^)^), 7x/p^ = 
Cx/G(Af-i,(p^)v)5 and so on (see [Remark 2.41) . 

The following result is essential for the proof of [Theorem 3.10\ and is indeed 
a generalization of the Monge-Segre- Wallace criterion. Here we recall that 



■ Q+ Hom(Tj,A', S^) is the linear map given in (13), (15) in §2.3 

Proposition 3.12. Let X C G(m, P^), let v G 'y*Vy be a general point, and 
let X & X be the image of v under 7*Vy — t- X . Then the following holds: 

(a) rk(i^7*7f-(A^-m+-l) ^ rkrf^7 anc? rk(it,7*7f - (A^ -m+ - 1) ^ rk\[/^. 

(b) Ifrkd^Y^ = N - m+ - 1, then rkd^'J = 0. 

(c) //7*7f is separable, then T^.^(^)y C x* in (P^)^. 



To prove Proposition 3.12, we will describe the linear map 6/^,^7*7? for a gen- 



eral point Vo G ■y*Vy, as follows. Under the setting of §2.2 the morphism 7*7r 
is expressed as (11) , where we have Vg° ^ — x p^-*^ -1 as in §2.]|[C) Let 

Vo = {xo, So) e l*Vy with Xo & X and So G p^-™^-!. Changing homogeneous 
coordinates on P^, we can assume that 

X, = (Z™+i = ... = Z"" = 0) Cv',:= ^*7r{vo) = (Z^ = 0) in P^. 

We regard {sm++i sn) and {Zq Zjq) as homogeneous coordinates 

on p^-^+'i = p(5+) and {W^Y . Then, since < = {Z^ = 0), we have 

So = {sm++i = ■■■ = SN-i = 0) G P^^— 
For afiine coordinates := s^/sat on { s^v 7^ 0} C p^-™-^-!^ we regard 
z^, . . . , z^^^^'^\ Sm++i, • • • , S]sf-i as a system of regular parameters of 0^*Vy,vo- 
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In addition, we set '■= 1, and take affine coordinates Za '■= Z^/Z^ on 
{ Z]y 7^ } C (P^)^. Now, for a general point v = (x, s) G Y'^y ^^ar Vo, which 
is expressed as {{fi)ij, (sm++i, ■ ■ ■ , sat.i)), it follows from (11) that the linear 
map d^Y^ '■ TyYVy — )■ Ty/{F^y is represented by 

(17) 



^IJ.9u,z^ fi 



g^e ^ ^ 



d 



+ 



E E 



- M 



d ^ , d 



d 



dZi 



9'u- 



dZ, 



+ 



d 



dz-; 



for 1 ^ e ^ dim(A') and m+ + l^/i^A^ — 1. Here the — m"*" — 1 elements 
dvl*T^{,d / dsm+ +i) , ■ ■ ■ ,dv'y*Ti{d/dsN-i) are linearly independent, since each of 
them has d/dZp_ as its tail term. Moreover, setting a dim(A:') x (m+ — m) 
matrix 



G 



[X] 



l+l,zdim(*) 



we have 



Tkdy'~f*7T = N 



m 



Proof of Proposition 3.12\ (a) From lLemma 2.1C l(aT it follows that rk Gd^^.^*^ ^ 
Ykdx„^- In addition, from lLemma 2.1C|l'b) considering the transpose of the ma- 



trix, we have rkG^^^^.^f ^ Tk^i^o 



(b) Assume that ikd^^'y > 0. Then it follows from iLemma 2.1C|l'a) that 



9u,z<'{^o) 7^ for some fi, u, e. Hence Gd^^i*n 7^ for some v with v ^ Xo under 
7*Vy X. This implies that ikd^Y^^ > N - m+ - 1. 

(c) Since fl{xo) = 0, the description (17) implies that im((i^^7*7f) is con- 
tained in the vector subspace of T„/_(P^)^ spanned by d/dZ^+i, ■ ■ ■ , d/dZ^_i. 
If 7*7f is separable, then T^,Y c\Zo = ■ ■ ■ = Zm = 0) in (P^)^, where the 
right hand side is equal to x*. □ 

Recall that cr : 3^ G(mo, P^) is the shrinking map with tuq := (m"*") . 

Corollary 3.13. Assume that 7*7f is separable and its image is of dimension 
N — m ~ 1, and assume that 7 is separable. Then mo = m and a o '-f\;^;o is an 
identity map of a certain open subset X° C X . 

Proof. Since rk(i^7*7f = — m — 1, it follows from Proposition 3.1/ [a) that 
m+ — m ^ rk ^'a; (the equality indeed holds, due to ILemma 2^ 10b)|. Then 
Corollary 2.12 implies the result. □ 

Proof of \Theorem 3.1 (A Corollary 3.13 implies that mo = m and that ao'y\p^o is 
an identity map of X°. On the other hand, since Y is of dimension A^— m — 1, in 

X* in {F^y. Since 



the statement of [Proposition 3.1^ 'c) , we have T^.ff(^)F 
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(Ty is identified with the Gauss map Y - 
(Ty(7*7f(f)) = X in P^. Now the diagram 



^ G(dimF, (P^)^), it follows that 



7 TT 



y 



X 



y 



y 



Y 



ay 



Y 

X 



id 



is commutative. In particular cry is separable. □ 

Proof of \Theorem 3. A (b) =^ (c) =^ (c') follows from [Remark 3.31 (a) =^ 
(b) follows from [Theorem 3.51 (c') =^ (a) follows from [Theorem 3.101 and 
[Remark 3.111 □ 



Proof of 


Corollary 3.2 


Corollary 3.13 


As in 



closure of the fiber '^■^{y). Thus the diagram (16) 
From the equivalence (c) ^ (a), we have: 



is commutative. 



□ 



Corollary 3.14. Let o he the shrinking map from a closed subvariety y C 
G(M, P^) to G(M~,P^). Then y is the closure of a image of a separable 
Gauss map if and only if = M — dim 3^ holds and cr*UQ(^M- 
separable and generically finite onto its image. 



-> P 



N 



IS 



Remark 3.15. In the case where m = 0, Proposition 3.1^[c)| gives the state- 
ment of the Monge-Segre- Wallace criterion ^ (2.4)], |19l 1-1(4)]. 

Remark 3.16. For X C G(m,P^), in the dia gram of [Definition 2.7\ 7*7r can 
be inseparable even if 7 is separable. The reason is as follows: If m = 0, then 
7*7r coincides with the conormal map C{X) 
Then, as we mentioned in WT 



_j. (^pJv-)V ^Yie original sense. 
Kaji [U] and Fukasawa [1] [5] gave examples 
of non-reflexive varieties (i.e., 7*'7f's are inseparable) whose Gauss maps are 
birational. This implies the assertion. 

Considering the dual of the above statement, in the setting for [Theorem 3.1[ 
we find that a*TTQ can be inseparable even if a is separable; in other words, 
separability of a is not sufficient to give an equivalent condition for separability 
of the Gauss map of X. 

4. Developable parameter spaces 
In this section, we set it = tc^ to be the projection 

for a closed subvariety X C G(m,P^), and set X := it{Ux) in P^. 

We say that {X, X) or X is developable if X = 7i{Ux) and, for general x & X, 
the embedded tangent space T^/X is the same for any smooth points x' G X 
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lying in the m-plane x C P , i.e., the Gauss map 7x of X is constant on 
X n X'^"^ (III 2.2.4]). The variety X is said to be uniruled (resp. ruled) by 
m-planes if vr is generically finite (resp. generically bijective). 

Note that, in the case where 7x is separable, there exists a developable 
parameter space {X,X) of m-planes with m > if and only if the dimension 
of the image of 7x is less than dim X fIRemark 4.51) . 



4.1. Expanding maps and developable parameter spaces. 

Proposition 4.1. Let ^ = '■ ^ G(m+,P^) he the expanding map of 
X C G(m,P^). Then the following holds: 

(a) rk duTT ^ m + dim(A:') and rkc/uvr ^ m+ for general u G Ux- 

(b) IfikduTT = m for general u &Ux, then X is a point. 

(c) Assume that ir is separable, and let x & X be a general point. Then the 
rn^-plane 7(x) C is spanned by d\m.{X) -planes 7x(w') with smooth 
points m' G X lying in the m-plane x. 

To show [Proposition 4.1 we will first describe the linear map d^i^, as follows. 
As in |§2.1||;B) ' we have f/j;^ ^ x P™. Let Uo = {xo,rjo) G ^7^" be a general 
point with Xo E X H and rjo G P™. Changing homogeneous coordinates on 
P^, we can assume that Xo = (^"'+^ = ■ ■ ■ = = 0) C and u'^ := n{uo) = 
(1 : : ■ ■ ■ : 0) G P^. Then we have 

= (r^i = . . . = r/'" = 0) G P™. 

We can also assume 7(xo) = (^Z"^^~^^ = ... = = 0). From the expres- 
sion (2), the projection it : Ux ^ P^ sends an element u = {x,r]) G Ux near 



Uo, which is described as ((//)i,j, (r^^ : ■ ■ ■ : rj"^)), to the point 

Let US take affine coordinates f]^ := r/Yr/*^ on { r^*^ 7^ } C P™, and Z°' := Z°'/Z^ 
on { 7^ } C P'^. Then we regard z^, . . . , z'^^^^'^\ f]^ , ... ,fj"^ as a system of 
regular parameters of Oux,uo- We set := 1. 

Now, for general u = (x, rj) G Ux near Uo, the linear map duTi : T^Ux — )■ 
Tu'f^ is represented by 

(18) ' -^^^^-^^ . 

E ^"^^^--517 (1 ^ e ^ dim(^))- 

Here the m elements duT^{d / dfj^), . . . ,duTT{d / df]^) are linearly independent. 
For a point u G ^/a- near such that u ^ x under Ux X, setting a 
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dim(A') X (A^ — m) matrix 



-ifm+l ( \ 



x-N 



^dh-n(X) 



we have 



rk duTC = rkFj^ + m. 



Proof of\Proposition 4-1 ■ (a) From (6) in §2.2, we have rkF^^^^r ^ dim(A:'). 
From (7) , we have rkF^^^^ ^ rky^^:^ = m"*" — m. Thus the assertion follows. 



(b) If dim A" > 0, then // 



[Xr. 



7^ for some j, e. It follows that Fd^Tr 7^ 



for some u with u Xq- This implies that rk(i„7r > m. 

(c) Changing coordinates, we have that 7(xo) = (2'"*^+^ = . . . = = 0) in 
P^. Then the equality (10) implies that, for each u G Ux near Uo with u ^ Xo, 
we have 



duTT 



Xo ) 



j ^dim(A-) \-^0 



Yli ^*/™dim(A-) (Xo) J 







In addition, we recall that fl{xo) = 0. 

Now, we find an inclusion of linear varieties 7x(7r('u)) C 7(xo) in P^, as 
follows: Considering the description (18), we have that im{du7^) is contained 
in the vector subspace of T^(_u)^'^ spanned by d/dZ^, ■ ■ ■ ,d/dZ"^^ . Since vr is 
separable, 7x(vr('u)) is contained in 7(^0) = (^Z"^'^^^ = ■ ■ ■ = = 0). 

Suppose that there exists an (m"*" — l)-plane L C P^ contained in the m"*"- 
plane ■j{xo), such that 7x(w') C L holds for each smooth point m' G X lying 
in the m-plane Xo- Then we find a contradiction, as follows: Changing coordi- 



nates, we can assume 



L 



=o)n7(xo). 

Since 71 is separable and since 7x(vr('u)) C L for each u G Ux with u 1— )■ Xo, 
considering the above matrix F^^^ and the description (18) of duir, we have 
/j^t(xo) = for each i, e. Then (fxiC"^^) = due to (7) This contradicts that 
a basis of the vector space ^'^('S') consists of ipx{C,"^~^'^), ■ ■ ■ , ipx{^"^^). □ 

Corollary 4.2. In the setting of Proposition 3A^ if the maps 7 and vf are 
separable, then we have T^.^(t,)y C (cr o 7(x))* C x* in (P^)"^. 



Proof. From Corollary 2.13 we have x C cr o 7(x) in P^. By applying the 
dual statement of Proposition 4.l[cy to tt and 7(0;), the inclusion T^.^(„)F C 
(cr o 7(x))* holds. □ 

We have the following criterion for developability (cf. [1, 2.2.4]), where recall 
that is an integer given with the expanding map 7^ : X ---> G(m^, P^). 
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Corollary 4.3. Assume that vr is separable. Then dim(X) = m"^ if and only if 
{X, X) is developable. In this case, the following commutative diagram holds: 



(19) 



Up, -X 

I 

I Ix 
Y 

X - - ^G(m+,F 

7a- ^ ' 



Proof. In Proposition 4.1 c) , = 7x(m') holds if and only if the linear 

subvariety Jxiu') C P^^ is of dimension m+. Thus the assertion follows. □ 

In the case where tt is generically finite, dim(X) = dim(A:') + m; hence we 
also have: 

Corollary 4.4. Assume that vr is separable and generically finite. Then we 
have dim(A') = m+ — m if and only if X is developable. 

If the Gauss map of X is separable, then there exists the maximal developable 
parameter space (Ao,X), as follows: 

Remark 4.5. For a projective variety X C whose Gauss map 7x is sepa- 
rable, we set 

A'o C G(mo,P^) 

to be the closure of the space which parametrizes (closures of) general fibers 
of 7x, where the projection ttq : i/^'o ~^ is birational and the expanding map 
'^Xq is birational. We can obtain X^ as the closure of the image of X under the 



composite map oy o '^x-, due to Corollary 3.2 Here, (Ao,X) is the maximal 



developable parameter space; in other words, for any developable (A',X) with 
X C G(m, P^), there exists a dominant rational map X ---> X^ through which 
'■ X ---> y factors. (This is because, for each x & X, we have an inclusion 
^Pl^sm 1^ 'j^^(y) in P^ with y := jxix). Indeed, since jxo °cry = "id, the map 
X --■> Xq is given by ay o jx-) 

Remark 4.6. Let X C G(m,P^) be a subvariety such that {X,X) is devel- 
opable. 

(a) Assume that vr is separable and generically finite, and assume that jx 
is generically finite. Then vr is indeed birational (i.e, X is separably ruled 



by m-planes). The reason is as follows: From the diagram (19), for general 
X G X, since m is equal to the dimension of the fiber of 'Jx^{'jx{x)), the m-plane 
X C P'^ is set-theoretically equal to an irreducible component of the closure of 
the fiber 7^^(7;f(x)). This implies that vr is generically injective, and hence is 
birational. 

(b) Assume that vr and 'jx are separable and generically finite. Then X is 
equal to the parameter space Xo given in [Remark 4.51 The reason is as follows: 



If 7;^:' is separable, then so is 'jx- It follows from Corollary 3.6 that the closure 
of the fiber 'Jx^i'Jxix)) is irreducible, and hence is equal to the m-plane x. 
Thus X = Xq. 
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For example, in the following situation, the maximal developable parameter 
space for the dual variety of X C can be obtained: 

Proposition 4.7. Let jx '■ X y C G(dim(X),P^) be the Gauss map, 
and let Y := TtiVy) in (P^)^, the dual variety of X. If X is reflexive and tt 
is generically finite, then {y, Y) is the maximal developable parameter space 
with the birational projection fc : Vy Y , and then the following diagram is 
commutative: 



YVy 



X 



y 



Ix 



y 



-Y 

I 

y 



where note that the shrinking map ay '■ Y - 



Xq is identified with the Gauss 



map 7y/(piV)v 



Proof. Since X is reflexive, 7*7f is separable due to the Monge-Segre- Wallace 
criterion, and so is vf. Let M := dimX. Since dim 3^ = M — rriQ = {N — niQ — 
1) — {N — M — 1), it follows from Corollary 4.4 that (3^, Y) is developable and 
that the diagram is commutative. Since jx is separable, ay is birational (see 
Corollary 3.2 ). Hence, considering the dual statement of IRemark 4.6\ we have 
the assertion. □ 



Remark 4.8. Suppose that 3^ is of dimension one. Then vf is always separable 
and generically finite (see lLemma 4. 91 below). In this case, X is reflexive if and 
only if 7x is separable. 

4.2. One-dimensional developable parameter space. In this subsection, 
we assume that X C G(m, P^) is a projective curve. As above, we denote by 
71 = Tlx '■ Ux P^ the projection, and by X := n{Ux) in P^. Here separabihty 
of TT always holds; this is deduced from [2] , and can be also shown, as follows: 



Lemma 4.9. Let X be as above. Then it is separable and generically finite. 

Proof. Note that Ux is of dimension m + 1. Since X is a curve, it follows from 
Proposition 4.]|[b)] that rkduTC ^ m + 1. Thus rkduH = m + 1, which implies 
that 7r is separable and generically finite. □ 



Let us consider the expanding map 7 : X G(m+, P 
cr : A" --■> G(m^, P^) of X, with integers and m~ (m^ 



and shrinking map 
< m < mt). 



Lemma 4.10. m+ + 



2m. 



Proof. In the setting of §2.2 we consider the matrix 



JO,z ■ ■ ■ J0,z 



J m,z 



N 
m,z 
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where note that, since X is of dimension one, the system of parameters of Ox,x 
consists of one element z. Recall that we have ikF = dim{ipx{S)) = m+ — m. 
In the same way, we have rkF = m — m~. Thus the assertion follows. □ 

Corollary 4.11. The following are equivalent: 

(a) X is developable. 

(b) m+ = m + 1. 

(c) m~ =171 — 1. 



Proof. The equivalence (a) (b) follows from Corollary 4.4 The equivalent 
(b) (c) follows from lLemma 4.10] □ 

Recall that 7*7f is the generalized conormal morphism given in [Definition 2.71 

Lemma 4.12. Assume that 'y is generically finite. Then, 7 is separable if and 
only if so IS 7*7r : 7*^G(m+p^) ^ i^^Y ■ 

Proof. For y C G(m;|,P^), the closure of the image of 7, we set Y C (P^)^ 
to be the image of Vy under vr. Since y is of dimension one, vf is separable and 
generically finite, due to ILemma 4.9[ Hence the assertion follows. □ 

Considering the dual of the above statement, we also have: 

Corollary 4.13. Assume that a is generically finite. Then a is separable if 
and only if so is (7*n : o"*t^G(m,-,p^) ~^ 

Remark 4.14. (a) If {X,X) is developable and 7 is generically finite, then tt 
is birational, due to ILemma 4.91 and [Remark 4.6[ Moreover, if 7 is separable, 
then we have X = Xq. 

(b) If X C is non-degenerate and is not a cone, then it follows from 
ILemma 2.61 that 7 and a are generically finite. 



Recall that 7* and a* are composite maps given in §1.3 We denote by 
TX = T^X := UxGX^- C P^, the tangent variety, and by T°X := X, 
T'X := T{T'~^X). 

Theorem 4.15. Let X C G(m,P^) and X' C G(m',P^) be projective curves 
with projections ttx '■ Ux ^ X and tcx' '■ Ux' — ^ X' . Then, for an integer 
e ^ 0, the following are equivalent: 

(a) {X',X') is developable, Y = Ix' separable, 7^ A"' = X, and X' is 
non- degenerate and is not a cone. 

(b) (A*, X) is developable, = a%. ^■^ separable, a'^X = X' , and X is non- 
degenerate and is not a cone. 

In this case, m = m' + e and X = T^X' . 

Proof, (b) ^ (a): It is sufficient to show the case e = 1. Since X is developable, 
it follows from Corollary 4.11 that m' = m~ is equal to m— 1. From lLemma 2.6l 
ax is generically finite. From Corollary 4.13 a^vr is separable. Applying 



Corollary 3.2 we have that ax ° 'Jx' gives an identity map of an open subset 
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of X', and that X' is developable. In addition, X is equal to the image of the 
Gauss map 7x'; hence the image of Ux is equal to TX', which means 

that X = TX'. 

The converse (a) =^ (b) follows in the same way. □ 

In the statement of (a) of [Theorem 4.15[ if m' = and C := X' C P^, then 
we regard C itself as a developable parameter space (of 0-planes). Note that, 
the osculating scroll of order i of a curve C C coincides with T*C if the 
characteristic is zero or satisfies some conditions (Homma pi §2]). 



Corollary 4.16. Assume one of the conditions (a) and (b) of Theorem 4-15 , 
and assume that m' = 0, i.e., C := X' is a curve in P^. Then C = a^X and 
X = 7™'C holds. In particular, we have X = T^C , where T^C coincides with 
the osculating scroll of order i of C for each 0<z^m + l. In addition, if 
is separable (equivalently, 'jx is separable) and m + 1 < N , then X is the 
closure of the space which parametrizes general fibers of 7x • 

In the case where X C P^ is a cone with maximal vertex L, considering 



the linear projection from L and using Corollary 4.16 we have that X is a 
cone over an osculating scroll of order m — dim(L) — 1 of a certain curve in 
pjv-dim(L)-i if (A',X) is developable and a"^''^'"^'-^^-^ is separable. 



Proof of Corollary 4-16. The former statement follows from [Theorem 4.151 in 



particular, 7"^ is separable, X = 7'"C, and X = T"^C. From the diagram (19) 



of Corollary 4.3[ for ^ i < m, 'Jt^c '■ --->• 7*"^^C is separable; then T*C is 



reflexive as in [Remark 4.81 By induction, it follows from [9, Corollary 2.3 and 
Theorem 3.3] that T^^'^C coincides with the osculating scroll of order z + 2 of 
C. On the other hand, if ""yx is separable, then X = Xq as in [Remark 4.141 □ 

Let us consider X* C (P^)^, the dual variety of X C P^. Then we have the 
following relation with dual varieties and tangent varieties. 

Corollary 4.17. Let m,e be integers with e > and m + e + 1 < N, let 
X C P^ be a non-degenerate projective variety of dimension m + 1, and let 
X C G(m,P^) be a projective curve such that {X,X) is developable. IfY~^^ = 
7^+^ IS separable, then we have T%{T^X)*) = X* m (P^)^. 

Proof. We can assume that X is not a cone. By definition, X is the image of 
Ux From [Theorem 4.151 T^X is given by the image of U^x P^- Let 

y := 7^+^^*, and let Y be the image of Vy — )■ (P^)^. Since cx^ = ay is separable, 
considering the dual of the above statement, we have that T'^Y is given by the 
image of Va^y — ?■ (P^)^. On the other hand, for each ^ i ^ e, from the 



diagram (19), since Y~^^X is equal to the image of the Gauss map 7t'X) the 
dual variety (T*X)* is given by the image of V^i+i x (P^)^ (see [Definition 2.7l 



Proposition 4.7p . In particular, Y = (T^X)*. From [Theorem 4.15| it follows 



that a'y = 'y^X. Hence T'{Y) and X* coincide, since these are given by the 
image of V^ix ^ (P^)""- □ 
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